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We study surfae modes of the ondensate in the presene of a rotating thermal loud in an
axisymmetri trap. By onsidering ollisions that transfer atoms between the ondensate and non-
ondensate, we nd that modes whih rotate in the same sense as the thermal loud damp less
strongly than ounter-rotating modes. We show that above a ritial angular rotation frequeny,
equivalent to the Landau stability riterion, the o-rotating mode beomes dynamially unstable,
leading to the possibility of vortex nuleation. This kind of mehanism is proposed as a natural
explanation for the formation of vorties observed reently in the experiment of Haljan et al [P. C.
Haljan et al., ond-mat/0106362℄. We also generalize our stability analysis to treat the ase where
the stationary state of the ondensate already possesses a single vortex.
The reent suess at produing vorties with quan-
tized angular momentum in trapped Bose gases [1, 2, 3℄
has raised interesting questions regarding the mirosopi
mehanisms responsible for vortex nuleation. Several
papers [4, 5, 6, 7, 8, 9℄ have suggested the idea that a
possible mehanism is the exitation of low energy sur-
fae ondensate modes, whih have been studied in var-
ious experiments. This an be understood [4, 6, 7℄ in
terms of the well-known Landau riterion [10℄, whih
predits the exitation of ondensate modes with fre-
queny ωm and angular momentum mh¯ when the rota-
tion rate Ω of an external perturbation satises the on-
dition ωm − mΩ < 0. This denes a ritial frequeny,
Ωc,m ≡ ωm/m for transfer of angular momentum to the
ondensate [4, 5℄, where the partiular mode exited de-
pends upon the form of the stirring potential used. For
example, a rotating trap anisotropy will predominantly
ouple to a quadrupole surfae mode, whih will beome
dynamially unstable above the Landau frequeny Ωc,2.
In related work, Sinha and Castin [11℄ have found dynam-
ial instabilities about stationary ondensate solutions in
the rotating frame [12℄, and link these to vortex nule-
ation in a reent experiment [13℄ . Further experiments
lend support to the role of dynamial instabilities of sur-
fae modes in the vortex formation proess [3, 14℄.
In the present letter, we extend this disussion of vor-
tex nuleation to nite temperatures and inlude for the
rst time the oupling of the thermal loud to the on-
densate. Our alulations address the kind of experi-
ments done at JILA [15℄, in whih a thermal loud is
set into rotational motion above TBEC by means of an
anisotropi rotating drive. A subsequent quenh through
the Bose-Einstein ondensation transition in the absene
of the drive then leads to the formation of a ondensate
ontaining vorties (when the rotation frequeny Ω of
the thermal loud exeeds a ritial value). What sets
∗
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the JILA study [15℄ apart from all other reent exper-
iments on vorties [1, 3, 13, 14℄ is that the nuleation
proess ours in the presene of an axially symmetri
trap. The JILA experiment indiates that the rotating
thermal loud is ating as a reservoir of angular momen-
tum that is transferred to the ondensate in the proess
of vortex formation. It is lear that a breaking of rota-
tional symmetry is required if suh a transfer is to our.
Thermal exitation of ondensate olletive modes is an
obvious andidate for this symmetry breaking. The den-
sity utuations assoiated with suh a mode are oupled
to the thermal loud by means of the ondensate mean
eld, as well as through the ollisional exhange of atoms
between the ondensate and thermal loud.
Of these two physial mehanisms, we fous on the lat-
ter in this paper. The mean eld oupling is also expeted
to be important, but we shall demonstrate that the ol-
lisional exhange of atoms is already suient to exhibit
the dynamial instability of the ondensate indued by
the rotating thermal loud. Generalizing reent work by
Williams and Grin [16℄, we alulate the damping of
ondensate olletive modes at nite temperature due to
the oupling via C12 ollisions between the ondensate
and nonondensate atoms. In formulating this problem,
we assume that the thermal loud is in rigid body ro-
tation with angular frequeny Ω, as in the JILA experi-
ments [15℄. Our major result is that the damping of the
olletive modes of frequeny ωm depends on the polar-
ity m of the olletive mode with respet to the rotation
of the thermal loud. As Ω is inreased, the damping of
the m < 0 modes inreases while that of m > 0 modes
dereases. At a ritial angular frequeny Ωc,m ≡ ωm/m
of the thermal loud, the m > 0 mode beomes unstable
in the sense that its amplitude grows exponentially with
time. This signals a ontinuous transfer of angular mo-
mentum from the thermal loud to the ondensate whih
we identify with the onset of vortex formation.
The dynamis of the ondensate wavefuntion Φ(r, t)
in the ZNG kineti theory [17℄ is desribed by a gen-
eralized Gross-Pitaevskii (GP) equation, whih at nite
2temperatures inludes the interation with the nonon-
densate through a mean-eld term and a non-Hermitian
damping term due to C12 ollisions that exhange atoms
between the ondensate and nonondensate. The non-
ondensate, represented by a phase-spae distribution
funtion f(r,p, t) obeying a semilassial kineti equa-
tion [17℄, is likewise oupled to the ondensate through
mean eld and ollisional exhange terms. The atoms are
trapped in a stati harmoni trap possessing ylindrial
symmetry Uext(r) = Mω
2
⊥(ρ
2 + λ2z2)/2, where the as-
pet ratio of the trap is λ = ωz/ω⊥. The nonondensate
atoms move in a dynami Hartree-Fok (HF) potential
U(r, t) = Uext(r)+2g[nc(r, t)+n˜(r, t)], where the intera-
tion parameter g = 4pih¯2a/M , a is the s-wave sattering
length, nc(r, t) = |Φ(r, t)|2 and n˜(r, t) is the nononden-
sate density dened by n˜(r, t) =
∫
dpf(r,p, t)/(2pih¯)3.
In our idealized model of the JILA experiments, the
olletive exitations of the ondensate are determined
for an equilibrium state dened by a thermal loud un-
dergoing solid body rotation at the angular frequeny Ω.
For this situation, the equilibrium distribution of the ro-
tating thermal loud is given by
f0(r,p) =
1
exp{β[(p−Mvn0)2/2M + Ueff − µ˜0]} − 1 ,
(1)
where the nonondensate veloity eld is vn0(r) =
Ω × r = Ωρφˆ. The eetive potential ating on the
thermal loud is Ueff(r) = U0(r)−MΩ2ρ2/2, with U0(r)
the equilibrium HF potential. The orresponding equi-
librium state of the ondensate is given by the solution
of the time-independent generalized GP equation. Al-
though we are primarily interested in the initial onset
of vortex formation, we an readily extend our analy-
sis to a situation in whih the ondensate already has
a single vortex entered on the z-axis with q units of
quantized irulation. The equilibrium ondensate wave-
funtion Φ(q)(ρ, φ, z) = ψ(q)(ρ, z)eiqφ is then dened by
(
− h¯
2∇2
2M
+
M
2
v2c0 + Uext + gnc0 + 2gn˜0
)
ψ(q) = µ
(q)
0 ψ
(q)
(2)
Here, the ondensate veloity eld is given by vc0(ρ) =
(h¯q/Mρ)φˆ.
In equilibrium, the hemial potentials of the thermal
loud and ondensate are related by µ˜0 = µ
(q)
0 − h¯Ωq.
It is straightforward to prove that the form of f0(r,p)
in (1) is a stationary solution of the ZNG kineti equa-
tion for the ase of a stati axially symmetri trap when
the hemial potentials satisfy the above relation. Us-
ing (1), the thermal loud density is given by n˜0(ρ, z) =
g3/2[z0(ρ, z)]/Λ
3
0, where the thermal de Broglie wave-
length is Λ0 ≡ (2pih¯2/MkBT )1/2 and the equilibrium
fugaity is z0(ρ, z) ≡ e−β(Ueff (ρ,z)−µ˜0). As Ω inreases,
the aspet ratio of the nonondensate density inreases
approximately as ωz/
√
ω2⊥ − Ω2 .
Within our model, we neglet the dynamis of the non-
ondensate and assume the thermal loud remains rigidly
rotating, as desribed by (1) (see also Refs. [16, 18, 19℄
for a disussion of this type of stati approximation). In
eet, we are ignoring the perturbation of the rotating
normal loud indued by the mean eld of the osillating
ondensate. Working with the amplitude and phase of
the ondensate Φ(r, t) =
√
nc(r, t)e
iθ(r,t)
, the ondensate
dynamis is desribed by the oupled quantum hydrody-
nami equations [16, 17℄
∂nc
∂t
+∇ · (ncvc) = −Γ012 (3)
M
∂vc
∂t
= −∇
(
µc +
1
2
Mv2c
)
, (4)
where the loal hemial potential µc(r, t) of the onden-
sate is
µc = − h¯
2
2M
∇2n1/2c
n
1/2
c
+ Uext + gnc + 2gn˜0. (5)
The ondensate veloity is vc(r, t) = (h¯/M)∇θ(r, t).
The soure term Γ012(r, t) appearing in (3) desribes the
ollisional exhange of atoms between the ondensate and
thermal loud and is given by (see also Ref. [16, 17℄)
Γ012 ≡
∫
dp
(2pih¯)3
C12[f
0,Φ]
=
nc
τ12
{
eβ[εc−µ˜0−Mvc·vn0] − 1
}
, (6)
where the ollision time τ12(r, t) is dened as
τ−112 =
2g2
(2pi)5h¯7
∫
dp1
∫
dp2
∫
dp3δ(pc + p1 − p2 − p3)
× δ(εc + ε˜p1 − ε˜p2 − ε˜p3)(1 + f01 )f02 f03 .
(7)
The loal ondensate momentum per atom is pc(r, t) ≡
Mvc(r, t) and the loal energy is εc(r, t) = µc(r, t) +
Mv2c/2. The equilibrium single-partile distribution
funtion f0i ≡ f0(r,pi) is as given by (1). We note that
the term Γ012 in (3) is the only soure of damping in our
alulations. Our stati approximation for the rotating
thermal loud preludes Landau damping, whih an be
expeted to provide additional damping of the onden-
sate modes.
To study the olletive modes, we onsider the density
δnc(r, t) and veloity δvc(r, t) utuations of the onden-
sate about equilibrium nc(r, t) = nc0(r) + δnc(r, t) and
vc(r, t) = vc0(r) + δvc(r, t). In the Thomas-Fermi (TF)
limit, the linearized equations of motion for the onden-
sate utuations are given by
∂δnc
∂t
+∇ · (nc0δvc + vc0δnc) = −δΓ12 (8)
∂δvc
∂t
= −∇
( g
M
δnc + vc0 · δvc
)
. (9)
3It is straightforward to show that the linearized form of
Γ012(r, t) given in (6) is
δΓ12 =
1
τ ′
[
δnc +
M
g
δvc · (vc0 − vn0)
]
, (10)
where 1/τ ′(r) ≡ gnc0(r)/[kBTτ012(r)]. Here τ012(r) is given
by the expression in (7), but with the dynami or time-
dependent ondensate quantities replaed by the orre-
sponding equilibrium ones. We remark that the seond
term in (10) has the form of a mutual frition term de-
pending on the relative veloity vc0(r)− vn0(r) between
the ondensate and normal gas, whih ouples to the ve-
loity utuation of the ondensate δvc. For Ω = 0 and
vc0 = 0, the results in (3)-(7) redue to those in Ref. [16℄.
In the TF approximation, the ondensate density is
given by nc0(r) = (µ
(q)
0 −Uext−2gn˜0− 12Mv2c0)/g. To sim-
plify the alulation, we neglet the eet of the nonon-
densate mean eld on the ondensate prole [16℄. In ad-
dition, we neglet the eet of the vortex ore on the over-
all shape of the ondensate. This approximation is valid
when ξ2/R20 ≪ 1, where ξ is the healing length and R0
is the Thomas-Fermi ondensate radius [20℄. We there-
fore approximate the ondensate density as nc0 = (µTF−
Uext)/g, where µTF (T ) = h¯ω⊥[15λNc(T )a/d⊥]
2/5/2 and
d⊥ =
√
h¯/Mω⊥ .
In an axially symmetri trap, the density and ve-
loity utuations of the olletive modes take the
form δnc(r, t) = δnm(ρ, z)e
i(mφ−ωmt)
and δvc(r, t) =
(h¯/M)∇δθm(ρ, z)ei(mφ−ωmt). Substituting these expres-
sions into (8) and (9) gives
h¯
[
Sˆ +
im
τ ′
(
V
ρ
− Ω
)]
δθm
−ig
(
ωm − mV
ρ
+
i
τ ′
)
δnm = 0 (11)
− ih¯
(
ωm − mV
ρ
)
δθm + gδnm = 0, (12)
where Sˆ ≡ g[∇·(nc0∇)−m2nc0/ρ2]/M and V ≡ h¯q/Mρ.
These equations an be ombined into a single equation
for δnm, following the proedure used in Ref. [20℄. We
relate δθm to δnm, making use of the following approxi-
mation to (12)
δθm ≃ −i g
h¯ωm
(
1 +
mV
ωmρ
)
δnm. (13)
This is valid for ρ ≫ ξ, onsistent with negleting the
eet of the vortex ore on the stati ondensate density
prole. We then obtain a single wave equation for the
ondensate density utuation for mode m
(ω2m + Sˆ + Sˆq + iSˆτ )δnm = 0, (14)
where
Sˆq ≡ 2mh¯q
ωmMρ2
[
ω2⊥ − ω2m +
2gnc0
Mρ
(
1
ρ
− ∂
∂ρ
)]
(15)
and
Sˆτ ≡ (ωm −mΩ) 1
τ ′
. (16)
In order to obtain an approximate solution of (14), we
treat the eet of the vortex Sˆq and the damping Sˆτ
perturbatively [16℄ by expanding in the zeroth-order TF
solutions given by SˆδnS = −ω2SδnS [21℄. Eq. (14) an
then be simplied to [16℄
ω2m − [ω(q)m ]2 + i(ωm −mΩ)
〈
1
τ ′
〉
= 0, (17)
where the spatial average of an operator χ is dened by
〈χ〉 ≡ ∫ drχ(r)δn2S(r)/ ∫ drδn2S(r). The frequeny ω(q)m is
the olletive mode frequeny of a vortex state [20, 22℄
[ω(q)m ]
2 ≡ ω2S(1 + qm∆m), (18)
where ωS ≡ ω(0)m is the TF frequeny for q = 0, with
∆m ≡ 2h¯
ω3SM
〈
(ω2S − ω2⊥)
1
ρ2
+
2g
M
nc0
ρ3
(
∂
∂ρ
− 1
ρ
)〉
.
(19)
The solution of (17) to lowest order in the damping is
ωm = ω
(q)
m − iΓ(q)m , where the damping rate is given by
Γ(q)m =
1
2
〈
1
τ ′
〉(
1− mΩ
ω
(q)
m
)
. (20)
We note that the nite T result in (18) is formally iden-
tial to the T = 0 result in Ref. [20℄. The only dierene
is the use of Nc(T ) for the number of ondensate atoms.
As disussed in Refs. [20, 22℄, olletive modes with op-
posite polarity m are split in frequeny sine the vortex
irulation breaks the azimuthal symmetry. Modes rotat-
ing in the same sense as the vortex (m > 0) are shifted
higher in frequeny and modes rotating against the ow
of the vortex (m < 0) are shifted down, in agreement
with experiments [2, 15℄.
The expression for the damping (20) of the olletive
modes of a ondensate interating with a rigidly rotating
thermal gas is our main new result. Interestingly, it pre-
dits that modes of opposite polarity m are aeted by
the rotating thermal loud in quite distint ways. The
damping of modes that rotate against the ow of the
thermal loud (m < 0) inreases linearly with angular
frequeny Ω, while the damping of modes that rotate in
the same sense as the thermal loud (m > 0) dereases
with inreasing Ω. This predition should be easily ob-
servable. For m > 0 exitations, the damping in (20)
goes to zero when Ω reahes a ritial value dened by
Ω(q)c,m ≡
ω
(q)
m
m
. (21)
For Ω > Ω
(q)
c,m, the damping hanges sign, indiating the
onset of a dynamial instability (i.e., δnm ∼ e+|Γm|t).
4The result in (21) is equivalent to the usual Landau ri-
terion for the exitation of surfae modes by an external
anisotropi perturbation as disussed in Ref. [4℄. In on-
trast, our nite-temperature mehanism is eetive even
in an axisymmetri trap. Physially, one would expet
all of the surfae modes to be thermally oupied, so that
for a nonondensate rotation rate of Ω, instabilities an
be indued in any of these modes so long as Ω > Ω
(q)
c,m.
In other words, at least one mode will be unstable when
Ω exeeds a ritial frequeny dened by the minimum
of a plot of ω
(q)
m /m versus m [4℄. This ritial rotation
frequeny is generally larger than that required to ensure
thermodynami stability of a vortex state [5℄, so that it is
likely that the primary role of surfae mode instabilities
is to failitate tunneling of one or more vortex lines into
the ondensate bulk. This has reently [23℄ been demon-
strated using energy arguments for the partiular ase of
a m = 2 quadrupole mode. When a single q = 1 vortex
is already present, our result (18) shows that the rit-
ial rotation frequenies inrease due to orresponding
upward shifts in the m > 0 frequenies [20, 22℄. Again,
taking the m = 2 mode as a onrete example, our TF
analysis predits Ω
(0)
c,2 = ω⊥/
√
2 without a vortex, while
Ω
(1)
c,2 = ω⊥
√
(1 + 2∆2)/2 for a q = 1 vortex state. After
nuleation, the vorties will eventually equilibrate into
a thermodynamially stable lattie onguration, as dis-
ussed in [9, 24, 25℄.
We emphasize that the present paper only evaluates
the damping from C12 ollisions in the ollisionless or
mean eld region. We expet that Landau damping,
whih would arise if we inluded thermal loud utu-
ations [16, 26℄, would also exhibit the same dynamial
instability for Ω > Ω
(q)
c,m. The damping term in (10) an
be interpreted as a kind of mutual frition, although it is
quite dierent from the usual mutual frition arising in
the two-uid hydrodynami domain, suh as disussed in
Ref. [27℄.
In summary, stimulated by reent work at T = 0 on
the nuleation of vorties by a rotating anisotropi har-
moni potential, we have generalized the disussion to
nite temperatures and onsidered the ase where the
driving eld is a rigidly rotating thermal loud [15℄. Our
alulation is expliitly based on the ollisional exhange
oupling between this rotating thermal loud and the
ondensate whih gives rise to mode damping. This
damping an hange sign when the thermal loud angu-
lar frequeny Ω reahes a ritial value given by the Lan-
dau riterion for exitation of olletive modes of angular
momentum m along the z axis. Importantly, our result
also applies to the stability of a singly quantized vortex
against exitations of surfae olletive modes, where it
is assoiated with dynami nuleation of additional vor-
ties.
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